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Three-Dimensional Finite Element 
Analysis of a Scale Model Nuclear 
Containment Vessel 
Current design procedures for nuclear containment vessels are based on elastic 
analyses. Though such techniques are adequate under normal operating conditions, 
if the potential risks associated with extreme environments or accident conditions 
are to be assessed, knowledge of the ultimate capacity of the containment structure 
is essential. A key technical question is whether penetrations, such as personnel 
hatches, weaken the containment structure. In this paper, the maximum pressure 
sustained by a scale model, steel, nuclear containment vessel with a penetration is 
determined using a three-dimensional finite element analysis. To assess containment 
strength, a clean shell is analyzed in closed form for its ultimate strength, and the 
solution is then compared with finite element results for a structure that has a 
penetration. The comparison shows that the personnel hatch penetration does not 
reduce the ultimate strength of the containment structure. In this paper, it is as-
sumed that the materials have no flaws and welded joints are perfectly bonded. 
Cracks in the structure, which would degrade its strength, are not considered. 
1 Introduction 
Nuclear containment structures are designed to prevent 
leakage of fission products to the atmosphere during severe 
environmental and accident loading conditions. In the past 
their design has been based on small deformation linear 
theories with factors of safety incorporated at appropriate 
stages in the design process. These procedures, however, can-
not be used to predict the ultimate capacity of the containment 
structure since large deformations and gross yielding are the 
precursors to failure. If the potential risks associated with ex-
treme loading conditions are to be assessed, knowledge of the 
ultimate capacity of containment structures is essential. 
The key technical question addressed in this paper is 
whether penetrations, such as personnel and equipment 
hatches, weaken the containment vessel. To answer the ques-
tion, the three-dimensional, finite element method is used to 
calculate the maximum pressure loading that can be sustained 
by a 1/30-scale model nuclear containment vessel with a per-
sonnel hatch. This work is part of a combined analytical and 
experimental study conducted by the NRC (Nuclear 
Regulatory Commission) and Sandia National Laboratories to 
evaluate methods for predicting the failure mechanisms and 
ultimate pressures of steel containment vessels. 
A schematic of the containment vessel is shown in Fig. 1. A 
similar scale model has been constructed at Sandia and will be 
pressurized until rupture. The deformations and ultimate 
pressure will be qualitatively compared to data obtained from 
this analysis. 
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Extreme pressure ovalizes the containment vessel, and the 
shell adjacent to the penetration does not remain cylindrical. 
To model this effect, the finite element mesh would ideally in-
clude the dome of the vessel, the cylinder and penetration, and 
the boundaries at the base. Due to the considerable expense in-
volved in analyzing the entire structure, a sector of the cylin-
drical portion of the vessel and its penetration is used to ap-
Fig. 1 Schematic illustration of the scale model containment vessel 
with a personnel hatch 
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Containment 
vessel, C 
Fig. 2 Containment vessel geometry and loading 
proximate the containment vessel. The model is formulated in 
Section 2. 
The influence of the penetration on the load-displacement 
characteristics and the ultimate capacity of the shell is gaged 
by comparing the finite element results with an analytical solu-
tion for the deformation of a thin cylindrical shell without 
penetrations under internal pressure. The analytical solution is 
discussed in Section 3 and the Appendix. 
Thin shell finite elements are used to model the containment 
vessel. Large displacements, prior to the ultimate (collapse) 
pressure load, are anticipated. Therefore, large strain plastic-
ity and finite deformations must be accounted for in the finite 
element analysis [1, 2], In spite of the recent proliferation of 
linear elastic and small strain plasticity finite element pro-
grams, the large strain plasticity theory needed in this analysis 
has only recently become available [1]. The MARC, general-
purpose, finite element code is used here to properly take into 
account large strain and deformation plasticity. The finite ele-
ment models adopted for this analysis are formulated in Sec-
tion 4. 
In addition to the historical difficulties in formulating large 
strain plasticity problems, there is still no ultimate failure 
criterion for multiaxial stress situations. In general, plastic 
failure is caused either by necking or by stable, ductile crack 
growth followed by unstable tearing. In this study, materials 
are assumed to have no flaws and welded joints are assumed to 
be perfectly bonded. Therefore, potential degradation of the 











inch 2.54 cm) 
Fig. 3 Sectional view and dimensions of the containment and person-
nel hatch 
strength of the vessel due to the presence of cracks is not 
considered. 
Section 5 contains a general discussion of the results ob-
tained from the finite element modeling. Conclusions reached 
as a consequence of this study are summarized in Section 6 
and recommendations for future work are presented in Sec-
tion 7. 
2 Formulat ion of Containment Model With 
Penetration 
The containment vessel is approximated by a cylinder of in-
finite length with a single cylindrical radial penetration and is 
loaded by an increasing internal pressure. In this section the 
problem is formulated in detail. 
A rectangular Cartesian coordinate system (x,y,z) is used, as 
depicted in Figs. 2 and 3. The containment vessel is approx-
imated by a cylindrical tube C of infinite length with midsec-
tion radius Rc and thickness tc. The generators of C are 
parallel to the z-axis. Further, a hole through the wall of C, 
centered on the x-axis, allows for the placement of the person-
nel hatch P. The hatch is modeled by a circular cylinder of 
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length 2/ with closed ends. The sides of the penetration are 
parallel to the A>axis, while the midsection radius of this 
smaller cylinder is Rp, and the wall thickness is tp. A perfect 
material bond is assumed to exist between the penetration and 
the containment vessel. 
The cylinder and personnel hatch dimensions are given in 
Fig. 3. From these, it is apparent that the ratios of radius to 
thickness, Rc/tc ( = 452) and Rp/tp ( = 26) are large compared 
to unity, and, hence, the thin shell stress equilibrium equations 
are appropriate for this analysis [3], 
The structure is loaded by an internal positive pressure p of 
increasing magnitude. It is assumed that the rate of change of 
pressure with time is sufficiently small to allow a quasi-static 
analysis. Furthermore, it is assumed that the containment C is 
closed at z = ± °° so that the longitudinal stress resultant Nz 
obeys 
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Fig. 4 Material behavior in simple uniaxial tension 
where rc(x,y,q;p) is the midsection radius of C at pressure p. 
The ultimate load capacity of the containment configura-
tion described in the foregoing is sought; hence, large defor-
mations and post yield material behavior must be accounted 
for. To this end, an elastic-plastic constitutive law is used to 
model the material behavior. The Mises yield criteria 
associated with the Prandtl-Reuss flow rule and isotropic 
hardening is invoked. To properly accommodate the large 
rotations and deformations likely to occur in the analysis, the 
spin-invariant Jaumann rate of Kirchhoff stress is used to en-
sure objectivity [1, 4] when relating stress rates to rate of 
deformation. A general expression for the elastic-plastic con-
stitutive law used here is given in [2]. The behavior in a simple 
uniaxial tension test of the material to be used in the construc-
tion of the 1/30 scale models at Sandia National Laboratories 
is summarized in Fig. 4. 
The failure pressure of the containment vessel cannot be 
defined precisely. A reasonable definition is that at the failure 
pressure, gross shell deformation increments are large for 
comparatively small positive increments of pressure. 
For comparison with finite element results and to obtain in-
sight into the behavior of the containment without the 
penetration under large internal pressures, a closed-form 
analysis of a "clean" (i.e., no penetration) shell was con-
ducted. Except for the penetration, the formulation of this ex-
ample is the same as the problem discussed above. The results 
are discussed in the following section. 
3 Analytical Solution of a Cylindrical Shell Without 
Penetrations 
Deformation of a clean cylindrical tube of radius Rc, 
thickness tc, and infinite length, loaded by a positive internal 
pressure was investigated. It is assumed that the cylinder has 
closed ends at z= ±°° . Thus, static equilibrium requires the 
hoop stress to be twice the longitudinal stress. Thin shell 
theory is used, which assumes that radial stress through the 
thickness of the shell is small and may be neglected. The 
pressure which creates an equivalent plastic hoop strain ep can 
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5 Radial displacement and plastic strain versus equilibrium pressure for a closed 
cylinder using Fig. 4 stress/strain curve 
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Fig. 6 Finite element model geometry 
V3 Rr 
a e x p [ - V 3 e / , - - ^ ( l + ^ ) -^ - ] (2) 
In equation (2), the function a is the true stress produced in-
the material due to a logarithmic plastic strain ep in a uniaxial 
tension test (Fig. 4). E is the elastic modulus, v is Poisson's 
ratio. 
The radial displacement is given by 
-rr—Rr 
V3 = * c[exP[— (2-P) V3 .]-.) (3) 
Equations (2) and (3) provide the pressure-versus-
displacement relationship for the clean shell presented in Fig. 
5. The elastic deformation of the shell is denoted as "region 
a" in the figure. After initial yielding of the shell at approx-
imately 102.5 psi (7.06 bar), significant plastic deformation 
and shell thinning occurs without an increase in pressure 
(region b). It is apparent that, for plastic strains in the range 
0.13-1.9 percent (the Liider band region), the slope of the 
stress-strain curve is not sufficient to sustain a positive 
displacement-pressure gradient for the clean shell. Conse-
quently, if pressure is strictly increasing, a dynamic expansion 
from 0.13-1.9 percent strain would occur alp — 102.5 psi (7.06 
bar). This is not modeled accurately by the quasi-static 
assumption. 
For pressures producing plastic strains between 1.9 and 5.9 
percent (regions c and d) the material work hardening slope is 
of sufficient magnitude to ensure stable plastic deformation in 
response to increases in internal pressure. For strains above 
5.9 percent, the slope is again below the critical value, and the 
shell cannot sustain any additional pressure. For the clean 
shell, the ultimate pressure is 117.23 psi (8.08 bar). 
Analytical solutions of the type obtained for the clean shell 
problem cannot be generated for the containment vessel with a 
penetration. In this investigation a solution to the full problem 
is found using the finite element method, which readily ac-
commodates the more difficult geometry. The numerical 
analysis is outlined in the following section. It is expected that 
the ultimate pressure calculated for the clean shell will provide 
an upper bound on the actual containment vessel capacity. 
Local stress concentrations due to the personnel hatch should 
either have no effect or reduce the ultimate pressure from that 
calculated for an ideal cylindrical shell. Note, however, that 
due to the approximate nature of the finite element solutions, 
the analytic solution may not be an upper bound on the finite 
element estimate of ultimate pressure. 
4 Finite Element Model of a Shell With a Penetration 
In this section a finite element model of the containment 
vessel described in Section 2 is formulated. Features of the 
MARC finite element code (Version J2) used to solve this 
problem are also discussed. 
Obviously, it is not feasible to construct a finite element 
model of a cylinder with infinite length. However, by con-
sidering a model that includes the personnel hatch and a finite 
segment of the cylinder C surrounding the hatch, the infinite 
cylinder may be approximated. The model dimensions can be 
further reduced by using the geometric and loading sym-
metries with respect to the planes y = 0 and z = 0. The 
geometry used for the finite element model is shown in Fig. 6. 
A 90-deg sector of C was included, with h being the vertical ex-
tent of the model. 
Referring to Fig. 6, let B1 ; B2 , B3, and B4 designate the 
boundaries of the reduced shell that intersect the planes x- 0, 
y = 0, z = 0, and z = h, respectively. Further, let (ux,uy,uz) be 
the components of the midplane shell displacement. The 
boundary conditions due to the symmetry constraints are then 
Uy = 0 , 
dy 
duY du7 




- = 0 o n B 
(4) 
(5) 
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The boundary B, is assumed to be sufficiently distant from 
the penetration so that the shell behavior can be approximated 
by that of the clean shell. Assume then 




= 0 o n B, (6) 
Recall from the problem formulation (Section 2) that the 
containment C is closed at z = ±00, thus the asymptotic boun-
dary condition, equation (1), is approximated by 
Nz =~2 PTc(x,y,h;p) on B4; (7) 
from where rc is the updated radial distance of points on B4 
the z-axis. 
Furthermore, an additional boundary condition was en-
forced requiring the radial and vertical displacements on BA to 
be independent of the circumferential angle 
rc{x,y,h\p) = / i (P),uz =f2(p) on B4 (8) 
As with equation (6), the conditions, equations (7) and (8), 
result from the assumption that the shell in the neighborhood 
of B4 behaves like a clean shell. 
The pressure loads p on the inner surface of the shell will at 
all times remain normal to the deformed shell surface. The 
MARC program properly accounts for this aspect. 
Two meshes conforming to the geometry in Fig. 6, but of 
varying degrees of refinement, were considered in this study, 
mesh 1, shown in Fig. 7, is the coarser mesh (64 elements) and 
provided a first approximation to the deformations resulting 
from the pressurization of the containment vessel. Mesh 2, 
shown in Fig. 8, incorporated 102 elements and provided addi-
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PRESSURE (psi) [1 psi=6.9 KPa] 
Displacement versus pressure of node adjacent to penetration sleeve 
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Fig. 10 Displacement versus pressure of node originally located at (0, Rc, 0) 
tional mesh refinement in the personnel hatch and in the 
neighboring shell C. 
The MARC, eight-node quadrilateral, thin shell element 
(number 72) was used [5]. The degrees of freedom associated 
with this element are the corner node displacements and the 
midside rotations about each edge; a bilinear interpolation 
was used for global displacements and coordinates. Rotations 
are continuous between elements only at the midside nodes. 
Therefore, the element is incompatible in rotation between 
elements. Simpson's rule is used for integration through the 
cross section of the element. For this analysis five segments 
(layers) were considered sufficient to adequately represent the 
nonlinear, elastic-plastic behavior through the shell thickness. 
In view of the large deformations anticipated in this 
analysis, the large strain capability of the MARC code was in-
voked. The updated Lagrangian method of McMeeking and 
Rice [1] is the basis of the large strain, finite element analysis 
approach used in MARC. In the updated Lagrangian method, 
the finite element configuration is updated at each increment 
of elastic-plastic loading, and the stiffness matrix is recom-
puted for the current configuration and state of stress. It 
should be noted, however, that updating the finite element 
configuration is not sufficient to guarantee accurate large 
strain analysis. A proper variational principle is also needed to 
account for large strains, rotations, and displacements. 
McMeeking and Rice appropriately used Hill's variational 
principle [6] in their updated Lagrangian technique to account 
for these special considerations. Also, in the MARC program 
the material constitutive law is expressed in terms of the 
Jaumann spin-invariant stress rate to maintain material objec-
tivity in the updated configuration. 
5 Finite Element Solution of a Cylindrical Shell With a 
Penetration 
In discussion of the finite element solutions, emphasis is 
placed on the results obtained after initial yielding of the shell. 
For internal pressures less than 70 psi (4.82 bar), the stresses 
remained within the elastic regime at all the integration points. 
Subsequent to initial yielding of the cylindrical containment 
adjacent to the penetration, the pressure was applied in steps 
no greater than 6 psi (0.41 bar), or approximately 5 percent of 




Magnification = 1 
Fig. 11 Displacement of boundary B2 at 117.5 psi (mesh 2) 
displacement magnitude of representative nodal points as a 
function of internal pressure is documented in Figs. 9 and 10. 
Figure 9 describes the displacement/pressure behavior of the 
nodal point located at the intersection between the contain-
ment and the penetration sleeve on the plane z = 0. Figure 10 
depicts the displacement versus pressure for the node original-
ly located at the point (0,RC,0). The clean shell solution is 
overlaid on the figures for comparison. 
It is apparent from the figures that there was a difficulty 
with the numerical procedure used to calculate the load-
displacement behavior of the shell when the pressure reaches 
the value (102.5 psi, 7.06 bar) that will initiate general yielding 
of the cylindrical containment. On review of the clean shell 
results (Fig. 5), this numerical difficulty is not surprising. In 
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Original configuration 
Deformed configuration 
Magnification = 1 
Fig. 12 Displacement of boundary B3 at 117.5 psi (mesh 2) 
this regime the displacement solution is nonunique and the 
quasi-static loading assumption is in doubt. However, finite 
element solutions for the initial yielding phenomenon of C 
(102 to 105 psi, 7.03 to 7.23 bar) were found for the coarse 
mesh 1. An attempt was made to find solutions for pressures 
spanning the range 102 to 105 psi (7.03 to 7.23 bar) using mesh 
2. Even with small pressure increments (as low as 0.1 psi), con-
vergent solutions above 102.75 psi (7.08 bar) for mesh 2 (see 
Fig. 10) were never realized. 
In using mesh 2 to establish the ultimate pressure for this 
containment vessel configuration, a 6-psi (0.41-bar) pressure 
increment (100 psi to 106 psi, 6.89 to 7.30 bar) was applied so 
that the Mises stresses in the cylindrical shell C would "jump" 
the Liider band region of instability. That is, equivalent 
stresses in excess of 45,201 psi (284 MPa) are achieved at 106 
psi (7.30 bar). Because of the incremental nature of the 
plasticity theory, such large load steps are generally 
undesirable and could deviate the loading path away from the 
actual stress-strain behavior and equilibrium. In fact, this is 
the case at 106 psi (7.30 bar). However, the numerical solu-
tions obtained for pressures in excess of 106 psi (7.30 bar) were 
consistent with the deformation behavior of the material. 
For the numerical models considered here, the ultimate 
pressure sustained by the containment vessel will be defined to 
be the pressure loading above 106 psi (7.30 bar) corresponding 
to the last convergent step in the incremental finite element 
analysis. For mesh 1 the ultimate pressure was 119.1 psi (8.21 
bar), while for mesh 2 a pressure of 117.5 (8.10 bar) was ob-
tained. In both cases the failure mode was general membrane 
net section plastic flow of the cylindrical portion C. 
The ultimate pressure obtained from the finite element solu-
tions (119.1 and 117.5 psi, 8.21 and 8.10 bar) exceeds the 
theoretical maximum pressure (117.23 psi, 8.08 bar) for the 
clean shell because of the approximate nature of the numerical 
models. The results suggest that, upon increasing mesh refine-
ment, the finite element, ultimate pressure decreases, ap-
proaching the ultimate pressure for a real cylinder with a 
penetration from above. Whether the actual failure pressure 
for the structure equals or is below that calculated for the 
clean shell cannot be established from this analysis. However, 
as mentioned in the foregoing, the finite element models fail as 
a result of gross deformation of the cylindrical containment 
(psi) [Conversion factor: 













Fig. 13 Equivalent Mises stress contours in the cylindrical shell C at 
117.5 psi (mesh 2) 
rather than local failure at the penetration. This, together with 
the fact that the increased refinement between meshes 1 and 2 
produces only a small change in the ultimate pressure, implies 
that the penetration does not significantly influence the 
ultimate capacity of the containment.1 
Recall that in this analysis, the materials are assumed to have no flaws and 
the penetration is perfectly bonded to the cylindrical shell. 
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Fig. 14 Equivalent Mises stress contours in the outer layer of C adjacent to the per-
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C the stresses are predominately membrane, and hence those 
in the outer layer adequately describe the stress distribution 
through the thickness of the shell. Figure 14 provides details of 
the equivalent Mises stress in the neighborhood of the penetra-
tion. From this figure we conclude that the maximum Mises 
stress was approximately 58,200 psi (401 MPa), which cor-
responds to an equivalent strain of 16 percent. For mesh 1 the 
corresponding values were 63,500 psi (438 MPa) and 24 
percent. 
The set of discrete stress contour cells in the cylinder C, 
shown in Fig. 13, indicates that regions of localized bending 
occur at some distance from the penetration prior to failure. 
This phenomenon was more pronounced in mesh 1 at 119.1 psi 
(8.21 bar). 
The most severe deformations occur in the personnel hatch 
sleeve where it intersects the containment. In mesh 2 a max-
imum Mises stress of 60,600 psi (418 MPa) was obtained; this 
corresponds to an equivalent Mises strain of 19.5 percent. The 
stress distribution on the inner and outer surfaces of the per-
sonnel hatch inner sleeve is shown in Fig. 15. In mesh 1 at 
119.1 psi (8.21 bar), the maximum values were 66,800 psi (460 
MPa) and 26.6 percent. 
The inner and outer end plates of the personnel hatch were 
subjected primarily to bending. A significant area of the outer 
plate remained elastic up to failure of the containment vessel, 
while the maximum stress and strain seen by the inner plate 
wefe 47,200 psi (325 MPa) and 3.84 percent, respectively. 
Fig. 15 Equivalent Mises stress contours in the personnel hatch inner 
sleeve at 117.5 psi (mesh 2) 
Results of the finite element analysis using mesh 2 for an in-
ternal pressure of 117.5 psi (8.10 bar) are now discussed in 
detail. The results are also compared to those obtained using 
mesh 1. Figures 11 and 12 describe the deformed shape of 
mesh 2 at the pressure of interest. Immediately prior to 
failure, the deformation of the cylindrical containment is 
essentially independent of the circumferential angle with only 
a slight bulging occurring adjacent to the penetration. As in-
dicated in Figs. 9 and 10, the slightly higher ultimate pressure 
of 119.1 psi (8.21 bar) for mesh 1 (1.4 percent above that of 
mesh 2) produced significantly larger deformations (200 pe-
cent) as small pressure increments just below ultimate produce 
large increases in plastic strains. Substantial bending of the in-
terior personnel hatch cover and the sleeve was apparent in 
meshes 1 and 2. 
The distribution of the equivalent Mises stress in the outer 
layer of the cylindrical shell C is shown in Fig. 13. Note that in 
6 Conclusions 
• The analytical (closed-form) solution of a clean cylindrical 
shell subjected to internal pressure predicts approximately 
the same collapse pressure (117.23 psi, 8.08 bar) as the finite 
element analysis (117.5 psi, 8.10 bar) with the penetration. 
Both analyses give upper bounds on the actual ultimate 
pressure of an infinitely long, circular shell with a penetra-
tion. However, it cannot be assured that either analysis 
gives an upper bound on the actual containment vessel 
because the radial constraint provided by the dome and the 
foundation is not included in the model. 
8 The predicted ultimate strength of the scale model, steel 
containment vessel with a penetration is not strongly depen-
dent on the refinement of the mesh. Collapse pressure load 
occurred at 117.5 psi (8.10 bar) for the refined mesh and at 
119.1 psi (8.21 bar) for the coarser mesh. The collapse loads 
obtained using meshes of increased refinement are expected 
to approach the true ultimate pressure from above. 
8 Stresses are generally similar between refined and coarse 
meshes for the same applied pressure load. 
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8 Highest stresses and strains, as well as largest gradients of 
stress and strain, occur in the penetration region, particular-
ly in the sleeve. 
9 The entire cylindrical containment C will yield (i.e., 
plasticize) at an internal pressure of about 102 psi (7.03 
bar). 
9 Numerical convergence difficulties are encountered in the 
Liider band region of the stress strain curve. That is, strains 
and deformations increase without increase in pressure. A 
large number of iterations are consumed in the incremental 
elastic plastic finite element analysis to overcome difficulties 
in this region of loading. 
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7 Recommendations for Directions in Future Research 
9 The dome and base of the vessel should be included in the 
finite element analysis. The assumption that the contain-
ment vessel remains cylindrical during pressure loading pro-
duces a conservative value of the pressure required to cause 
collapse. In reality, with increased pressure the shell would 
tend to ovalize, and the ultimate strength of the vessel 
would increase. Though the modeling of full containment is 
straightforward, the computational effort is expected to be 
very significant. Since the ultimate strength of the vessel ap-
pears to be relatively insensitive to mesh refinement, a 
coarser finite element mesh can be used and thus render the 
computation feasible. 
9 The effect of the material stress-strain curve on the defor-
mation of the shell and the ultimate load should be further 
analyzed. The horizontal portion of the stress-strain curve 
(Liider band) causes major computational difficulties due to 
lack of convergence associated with the low tangent 
modulus. The ultimate strength of the clean shell is shown 
to be independent of the relationship between stress and 
strain at initial yielding. These results may lead to the in-
ference that the shape of the stress-strain curve at initial 
yielding will not significantly affect the ultimate (collapse) 
load as long as the curve is modeled correctly at the collapse 
load. By analyzing the containment vessel with several 
stress-strain curves approximating the actual material 
behavior, the sensitivity of the finite element solution to the 
stress-strain curve can be determined. 
8 The influence of closely spaced penetrations on the contain-
ment capacity warrants investigation. Sandia National 
Laboratories is currently testing scale models of a contain-
ment vessel with multiple penetrations. An accompanying 
finite element analysis is then appropriate. 
9 Cracks in the containment shell itself, cracks in welds, or 
welds of insufficient stiffness or strength may significantly 
reduce the strength of the vessel. A complete elastic-plastic 
fracture mechanics (EPFM) study of the shell would be 
necessary to assess the influence of postulated cracks on the 
integrity of the vessel. The determination of the critical flaw 
size that would cause failure at a given pressure is highly 
desirable. 
A P P E N D I X 
Consider a closed-end long, cylindrical, thin shell subjected 
to internal pressure. From static equilibrium, stresses2 are 
determined to be 
az = (axial stress) 
pr (hoop stress) 
(radi a. ~ 0 al stress is assumed to be zero 






p = internal pressure 
r = radius of cylinder (at pressure p) 
t = thickness of cylinder (at pressure p 
Using Prandtl-Reuss flow rule [2], we obtain a relationship 
between the plastic strain components defj and the deviatoric 
stresses 










where dk is a proportionality constant, and Se is the cir-
cumferential deviatoric stress. 
The increment of plastic-strain is given by: 
2 2 
de„ = J— defjdefj = -^ de$ (15) 
Increments of radial displacement and thickness changes are 
related to strains3 by 
dr 
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dt 
— = der = de
e
r + def (17) 
where the superscript e designates the elastic component of 
strains. 




o E z 
Cauchy, or true stress measure is used. 
Note that strains are true or logarithmic measure. 
(18) 
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where v is Poisson's ratio, and E is Young's modulus. 
The effective or Mises stress is related to the axial stress by 
V3 Pr 
2 / z 
(20) 
Hence, the increment of axial stress is given in terms of the in-




Substituting equation (21) in equations (18) and (19) and the 
resulting equations in (16) and (17), gives 
dr 2-
rln -I rii , - da + -—den 
V3E 2 r 
dt 
— = -—— v do-—- eL„ 
t E 2 " 
Integration of the foregoing equations yields 
2-v 










where r0 and t0 are the undeformed radius and thickness of 
the cylinder, respectively. 
Substituting the radius r and thickness t from equations (24) 
and (25) in equation (20) and rearranging the resulting equa-
tions gives 
2 
7T £ » „ P [ - V 3 < , - ^ I + * J L ] 
Note that since 
(26) 
(27) 
(i.e., elastic strains are an order of magnitude smaller, com-
pared to plastic strain), the elastic strains will have negligible 
effect on the solution. 
The foregoing equation will determine the pressure cor-
responding to a given plastic strain. The effective stress a is 
determined for the assumed plastic strain ep from the uniaxial 
true stress versus true strain relationship. 
Call for Papers 
Fourth International Conference on Numerical Methods in 
Fracture Mechanics 
Site: La Mansion Del Rio Hotel, San Antonio, Texas 
Date: March 22-26, 1987 
The objective of the conference is to consolidate the recent 
advances made in numerical fracture mechanics since the last 
conference held in this series at Swansea in 1984. The spec-
trum of interest of contributors will be integrated within the 
following subject groups. 
8 Linear Elastic Fracture Mechanics will include efficient ap-
proaches for linear elastic boundary value problems, in-
novative numerical and graphics techniques, boundary ele-
ment approaches, and singular element formulations. 
8 Nonlinear Fracture Analysis will include elastic-plastic and 
viscoplastic approaches to fracture prediction in elastomers 
and in ductile materials under stable and unstable crack 
growth conditions with the further possibility of large 
deformation behavior. 
8 Fatigue Crack Growth will include methods that can cope 
with fatigue-induced cracking in spectrum loadings, and 
combined fatigue and environmentally affected cracking. 
8 Dynamic Fracture Problems will include numerical model-
ing of fundamental fracture mechanisms and the associated 
development of efficient numerical solution techniques for 
crack initiation under intense and rapidly applied loadings, 
and to rapid crack propagation and crack arrest. 
8 Discrete Modeling will include applications of new and in-
novative computational methods for ceramics and other 
brittle materials, fiber-reinforced composites, concrete, 
rock, and cracking in weldments, and other multi-phase 
materials. 
8 Creep Cracking and Rupture Simulation will include both 
continuous damage concepts and macroscopic fracture 
models for materials exhibiting time, temperature, and en-
vironmentally influenced behavior. 
8 Practical Applications in which numerical techniques are 
employed for fracture assessment in practical situations, 
such as aerospace vehicles, nuclear pressure vessels and pip-
ing, cryogenic storage tanks, gas transmission pipelines, ar-
mor and anti-armor devices, and railroad wheels and track. 
Abstracts of about 500 words offering papers in the forego-
ing or related areas are invited by August 1, 1986. While not 
absolutely required, figures showing key results and references 
to related work will be helpful to the selection committee. 
Notification of acceptance will be given by October 1, 1986, at 
which stage recommendations concerning the format of the 
papers will be sent to authors. 
Brief abstracts (100 words) describing possible work-in-
progress presentations will be accepted up to the time of the 
conference. However, because of the anticipated large number 
of these, interested speakers should submit their abstracts as 
early as possible to ensure a place on the program. 
All abstracts should be forwarded to: 
A. R. Luxmoore 
Department of Civil Engineering 
University College Swansea 
Singleton Park 
Swansea SA2 8PP, UK 
Tel: 0792-295513 
For the convenience of North American researchers, further 
information can be obtained from: 
M. F. Kanninen 
Engineering and Materials Sciences Division 
Southwest Research Institute 
PO Drawer 28510 
San Antonio, TX 78284, USA 
Tel: 512-522-3248 
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